We present four numerical methods to compute the Value-at-Risk and Expected Shortfall risk measure values of portfolios with financial options. The numerical methods are based on either wavelets or Fourier cosine approximations and belong to the class of Fourier inversion methods. We show that the risk measures can be efficiently calculated in terms of accuracy and CPU time. Besides, we provide a theoretical result about the shape of the resulting probability density. This a priori knowledge, allows us to enhance the efficiency and effectiveness of the proposed methods. Finally, we assess the accuracy of the approach in the presence of convexity or concavity properties of the financial portfolios.
Introduction
A problem of paramount importance in market risk management is the estimation of a profit and loss distribution of a portfolio over a specified time horizon and the associated risk measures. Value-at-Risk (VaR) has become an important measure for estimating and managing portfolio market risk [Jor07] . VaR is defined as a certain quantile of the change in value of a portfolio during a specified holding period. While the basic concept of VaR is simple, many complications can arise in practical use. An important complication is caused by non-linearity in the portfolio payoff structure. This problem arises for all portfolios that include assets with non-linear payoffs, such as option positions. For such non-linear portfolios, VaR can not be computed directly from a risk factor distribution. Instead, the risk factor distribution first needs to be converted into a profit and loss distribution for the portfolio. VaR is then computed from this profit and loss distribution.
A property for a coherent risk measure is the sub-additivity condition (see [Art99] for details). The VaR measure fails to satisfy this condition, however the measure is widely used in practice. In contrast, the Expected Shortfall (ES) risk measure satisfies the four defining properties of a coherent risk measure. When distributions are normally, or close to normally, distributed, it can be shown that VaR and ES are quite close and behave similarly. However, as soon as a distribution is characterized by a long tail behaviour, the similarity between VaR and ES does not hold any more. In this case, employing the VaR measure may lead to an underestimation of risk.
To evaluate the risk measures, Monte Carlo simulation is often used, i.e. first simulating changes in the risk factors of a portfolio, then the portfolio is re-evaluated and the change in the portfolio's value is estimated. Obtaining accurate VaR estimates can be computationally expensive as there may be a large number of instruments in the portfolio and when the confidence level is high, a large number of simulations may be required to obtain accurate estimates of the tail probability.
Here, we adopt the delta-gamma approximation [Bri99, Gla99, Min99] as an alternative approach to avoid the Monte Carlo method. This approach is based on the assumption 1 that the change in portfolio value is a quadratic function of the changes in the risk factors. Typically, the changes in the risk factors are assumed to be normally distributed, although some authors [Gla02] have considered heavy-tailed risk factors and modeled them by means of the multivariate t distribution. This distribution can be used under stress test scenarios, where peak losses can occur more frequently.
Under any of the two assumptions on the changes in the risk factors, the characteristic function of the change in portfolio value, i.e. the Fourier transform of the corresponding density, is known in closed form. Fourier techniques to invert this characteristic function in a market risk context have been introduced since the work of [Rou97] and [Duf01] , and were used more recently by [Siv08] and [Bor10] . In all these works, one has to compute an infinite integral numerically for each point of the probability density function (PDF) (or cumulative distribution function (CDF)).
Our contributions within the delta-gamma approach in the present paper are as follows. On the one hand, we present four numerical methods to efficiently recover the PDF and the CDF from the characteristic function. On the other hand, we derive a useful result about the shape of the density function to be recovered and another result about the maximum profit and loss in our portfolio. We also provide insight in the convexity and concavity features of the portfolio. By this, the density function can be characterized in terms of its unimodal or bimodal behavior. The numerical methods rely on the truncation of the entire real line to perform Fourier inversion. With the a priori knowledge of the density shape, this inversion can be done more efficiently. Furthermore, since the delta-gamma approach is a quadratic approximation, convex or concave portfolios are accurately approximated.
Our approach to invert the Fourier transform within the delta-gamma framework is somewhat different than previous approaches in the market risk literature. We consider the COS method [Fan08] , based on Fourier cosine expansions, and the Wavelet Approximation (WA) method [Mas11, Ort12, Ort13] . Within the COS approach, we recover the PDF without performing any numerical integration (for the cases that we consider here), so that the speed of the method is impressive. The analytic expression that we obtain allows us to integrate (analytically) the PDF to derive the CDF. The VaR is then computed using a root-finding method and we also provide a formula for the ES. We also consider a second variant of the COS method, called filtered-COS [Rui13] , which is sometimes used to remove wiggles associated to Gibbs phenomena that may arise when approximating some functions with discontinuities.
Furthermore, we employ an approach based on wavelets theory (see, for instance, [Dau92] ). Regarding the WA, we apply two different approximations, presented in [Ort13] , the WA [a,b] and the WA R methods, where the second one adaptively determines the range of truncation for Fourier inversion. We provide a methodology for computing the VaR and ES from the PDF and also from the CDF in the wavelet approximation framework. While in the COS method the coefficients of the density are computed without numerical integration, within the WA approach the density coefficients are recovered by means of finite integrals that are computed numerically. The main advantage of the WA approach, based on compactly supported basis functions, compared to the COS approach, with its global basis functions, is that coefficients can be selectively calculated to compute the VaR value, making the wavelet algorithm very fast. As shown in [Mas11] , the VaR can be obtained by computing at most m coefficients associated to the CDF, where m is the scale of approximation. Summarizing, we present two very accurate and fast approaches based on Fourier inversion that can be combined as well (computing the VaR by the WA method and the ES by the COS method, for example).
The paper is organized as follows. In section 2 we present the delta-gamma approximation to measure market risk measures for portfolios with financial options. In section 3 we review the Wavelet Approximation and the COS methods to recover a function from its Fourier transform. In section 4 we present the methodology to compute the VaR and the ES by means of the inversion methods considered in the earlier section. Furthermore, we study in detail the shape of density functions and some features about convex portfolios. Section 5 is devoted to numerical experiments, and section 6 concludes.
The Delta-Gamma Approximation
Let F X (x) := P(X ≤ x) be the CDF of a random variable X and f X (x) its PDF. Suppose the current value of a portfolio is V (t), the holding period is ∆t, and the value of the portfolio at time t + ∆t is V (t + ∆t). The change in the portfolio value during the holding period is ∆V , where ∆V = V (t + ∆t) − V (t), and the VaR(α) risk measure, associated with a given probability α, is defined by the relation,
Typically, in practice, ∆t ranges from one day to two weeks and α ≥ 0.95, often α = 0.99. By definition, the Expected Shortfall risk measure at confidence level α is given by,
or, alternatively,
We assume that there are p risk factors and that S(t) = (S 1 (t), . . . , S p (t)) T denotes the value of these factors at time t. Define ∆S = (S(t + ∆t) − S(t)) to be the change in the risk factors during the interval [t, t + ∆t]. Then, the delta-gamma approximation is given by,
where Θ = ∂V ∂t , δ i = ∂V ∂S i , Γ i,j = ∂ 2 V ∂S i ∂S j and all partial derivatives are being evaluated at S(t). 1 If P(∆V γ −Θ∆t ≤ x) = α, then P(∆V γ ≤ x+Θ∆t) = α, where α ∈ (0, 1). For convenience, we define, ∆V γ := ∆V γ − Θ∆t.
The following proposition from [Mat92] gives us the characteristic function of f ∆V γ , under the assumption that ∆S ∼ N (0, Σ).
Proposition 1. Assume that ∆S ∼ N (0, Σ) for some positive definite matrix Σ. Let λ 1 , . . . , λ p be the eigenvalues of ΣΓ, and let Λ be the diagonal matrix with these eigenvalues on the diagonal. There is a matrix C satisfying CC T = Σ and C T ΓC = Λ. Let d = C T δ. Then, the characteristic function corresponding to f ∆V γ is given by,
Remark 1. The Black-Scholes model assumes that log
is normally distributed with mean µ j ∆t and standard deviation σ j √ ∆t, for j = 1, . . . , p. Thus, there seems to be an inconsistency between the valuation model and the model used for path simulation. However, for small ∆t (as the holding period is),
which is log-normally distributed if ∆S j , the j-th component of ∆S, is normally distributed.
In that case, ∆S j follows a normal distribution with mean µ j ∆t and standard deviation S j (t) · σ j √ ∆t. We can approximate the mean by zero.
Remark 2. Observe that in the univariate case (p = 1), we have,
where n represents the number of assets in the portfolio, x i is the amount of asset i and v i the value of asset i.
In this work we restrict ourselves to the univariate case. The methods presented in this work recover the density function from the Fourier transform and this transform is of dimension one even if we consider the multivariate case, i.e., p > 1.
For our numerical techniques insight into the unimodality of the distribution to be approximated is very useful. Note that a distribution with non-increasing (respectively non-decreasing) PDF also falls under unimodal distribution by taking M to be the left (respectively right) end point of the support of the density function. Under this convention, it is possible for the density function to be infinite, or even undefined at M. Note that the support of the considered distributions need not be finite.
Numerical Inversion Methods
In this section we present the WA [a,b] method [Ort12] and the COS method [Fan08] to recover the density function f ∆V γ from its Fourier transform. Recall that based on Proposition 1, the characteristic function for the density f ∆V γ is available. For the WA method, we present a second variant called the WA R method [Ort13] , avoiding the a-priori choice of an interval for the approximation. Regarding the COS method we also present another variant called filtered-COS [Rui13] . This alternative method may be helpful when dealing with the so called Gibbs phenomenon.
3.1. The Wavelet Approximation Method.
3.1.1. The WA [a,b] Method. Let us consider a probability density function f ∈ L 2 (R) associated to a certain continuous random variable X, and its Fourier transform, i.e.
(5)
We can expect that the mass in the tails of f decays to zero at infinity, so it can be approximated in a finite interval [a, b], by
To determine the interval of integration [a, b], we consider the approximation,
where κ n denotes the n th cumulant 2 of X and L > 0, as in [Fan08, Ort13] . Later on, in the numerical examples section, we will give further details about the choice of L and of [a, b] .
with convergence in L 2 -norm. The basis functions used here are φ m,k := 2 m/2 φ(2 m x − k), with φ the father Haar wavelet, defined by,
The main idea behind the Wavelet Approximation method is to approximate f by f c m and then compute the coefficients c m,k by inverting the Fourier transform. Proceeding this way, we have [Ort12], (Q m (re iu )) cos(ku)du, k = 1, ..., 2 m − 1,
where r = 1 is a positive real number and,
.
In practice, both integrals in (7) and (8) can be easily computed by means of the Trapezoidal Rule (see [Ort12] for details).
3.1.2. The WA R Method. The main drawback of the WA [a,b] method is that we do not have an estimate of the mass of the density which is lost when truncating the interval. Here, we also discuss an adaptive method that allows us to control the mass of the density recovered.
Let f be a probability density function, as in Section 3.1.1. We can approximate f (x) by
with convergence in the L 2 -norm. Note that the coefficients c m,k are different from those in Section 3.1.1. For convenience, we however keep the same notation as in the previous section.
Let us consider the finite sum,
Substituting (9) into Fourier transform expression (5), following similar steps as in the previous section and after some algebraic manipulations, we get,
and,
We need to choose integers k 1 and k 2 to recover the density function without loosing significant accuracy.
To select an appropriate k 1 , let us assume first that the density is unimodal (Definition 1). In this case k 1 can be chosen such that, f m k 1 2 m < tol , where tol is a predefined tolerance error so that f m (x) < tol for all x ≤ k 1 2 m . We can then start the WA R algorithm by considering an initial seed, k 1 = 2 m · a , where a is defined in expression (6) and x denotes the greatest integer less than or equal to x. Although we rely on the cumulants to facilitate the work, we could choose a random value as the initial seed. We update value k 1 until the condition f m k 1 2 m < tol is satisfied. The algorithm allows us to immediately calculate the area underneath the computed density (as a by-product) and we can derive k 2 by computing the coefficients c m,k 1 +k until the area is approximately one. In case we can not assume unimodality, we recompute k 1 (if necessary) to go further towards the left side.
The COS and Filtered-COS Methods.
3.2.1. The COS Method. We briefly describe the methodology developed in [Fan08] for solving an inverse Fourier integral 3 . For a function f supported on a finite interval [a, b] ∈ R, the Fourier-cosine series expansion reads,
Since any real function has a cosine expansion when it is finitely supported, the derivation starts with a truncation of the infinite integration range in the inverse Fourier integral expression (5). Due to the conditions for the existence of a Fourier transform, the integrands have to decay to zero at ±∞ and we can truncate the integration range in a proper way without losing accuracy.
Suppose [a, b] ∈ R is chosen such that the truncated integral approximates the infinite counterpart very well, i.e.,
Here, f + 1 denotes the approximation of the characteristic function on a finite interval. Comparing equation (12) with the cosine series coefficients of f (x) on [a, b] in (11), we see that,
where denotes the real part of the argument. It then follows from (12) that A k Ã k with,
In the COS method A k is replaced byÃ k in the series expansion of f (x) on [a, b], and the series summation is truncated, so that,
The COS method converges exponentially in N when approximating smooth functions, but many terms are needed when the function or its first derivative is governed by discontinuities in the domain of approximation.
3.2.2.
The Filtered-COS Method. When Fourier techniques are employed to specific cases with non-smooth functions, the Gibbs phenomenon may become apparent which seriously impacts the efficiency and accuracy of the valuation. Although the limit of the partial sums represents the original function exactly, in the finite case there is an overshoot at a jump discontinuity. In the case of a jump discontinuity we may have pointwise convergence almost everywhere, but no uniform convergence. The local effect of the Gibbs phenomenon results in oscillations near the jumps, but there also is a global effect: although the error decays away from the jumps, the decay rate is only first order. Thus, the existence of one or more discontinuities drastically reduces the convergence rate over the whole domain, and spectral accuracy is lost.
Filtering may remove the Gibbs phenomenon away from a discontinuity, and the error depends on the distance to the discontinuity. Since the approximation will be smoothened, convergence in the vicinity of a discontinuity will not improve. The technique is carried out in Fourier space and the idea is to pre-multiply the expansion coefficients by a decreasing function in such a way that the coefficients decay faster. Here we provide the definitions of filters of order p f , [Got97] , Definition 2 (Fourier space filter of order p f ). A real and even C ∞ ([0, 1]) functionŝ(η) is called a filter of order p f , if,
Conditions 2 and 3 implyŝ ( ) (1) = 0, 0 ≤ ≤ p f − 1.
Filtering does not affect the total mass of the resulting approximation (which should be one for a probability density), since the first coefficient is never altered. We will employ a p f -th order spectral filter called the exponential filter, which is defined as follows,
where p f must be even.ŝ(1) = e −α , so the formal requirements of a p f -th order filter do not hold. However, we use α = − log m , as in [Got97] , where m represents the machine epsilon, so thatŝ(1) = m 0 within machine precision.
The filtered-COS formula for numerical Fourier inversion [Rui13] , equivalent to (13), reads,
For each of the four numerical methods discussed, WA [a,b] , WA R , COS and filtered-COS, we have provided criteria to truncate the entire real line to perform the numerical inversion in case that we do not have any knowledge about the shape of the density to be recovered. However, as we will show in the next section by a theoretical study of the density's shape, these algorithms can be enhanced.
Value-at-Risk and Expected Shortfall Computation
This section is devoted to the computation of the VaR value (1) and the Expected Shortfall (2) by means of the WA and COS methods, within the delta-gamma approximation. For sake of clarity and simplicity, we focus on the WA [a,b] and the COS methods and omit details for WA R and filtered-COS, since minor modifications in the first two methods lead to these methods.
4.1.
Value-at-Risk. We present two variants for computing the VaR value, where one of the variants is based on the probability density function f ∆V γ and the other is based on the cumulative distribution function F ∆V γ . The first variant recovers the density from the characteristic function and then integrates the density for obtaining the VaR. The second directly approximates the CDF. For the COS method, both choices lead to an accurate VaR approximation in similar CPU time, so we present only the approximation based on the PDF. However, we will show in the numerical experiments, that WA [a,b] is more efficient for the second variant.
Let us consider the characteristic function f ∆V γ corresponding to the density function
Taking this into account and integrating by parts, we can consider,
as an approximation to the characteristic function of CDF F ∆V γ . Once this characteristic function is available, we can recover the CDF directly from it.
4.1.1. VaR Computation based on the PDF. We first assume that we have recovered a density function f ∆V γ from its characteristic function f ∆V γ , by means of the WA
is the scale of approximation. Let f wa γ be the recovered density (for clarity in the exposition, we drop the subscript ∆V γ and use simply γ instead). That is,
Then, if we denote by F γ the cumulative distribution function of ∆V γ , we have,
Expanding the expression above, gives us,
where supp φ m,k = [a k , b k ), with a k = a + b−a 2 m · k and b k = a + b−a 2 m · (k + 1). In this case the basis functions do not overlap in the interval of approximation. Then, the second sum in (14) consists only of one term and the expression for the cumulative function can be obtained in a straightforward way,
wherek is the only value for which x ∈ [ak, bk). Let now f cos γ be the recovered density function of ∆V γ by using the COS method with N terms, that is,
Following similar steps as before, and after some basic calculus, we find,
We define VaR N (α) as the VaR value calculated by the COS method with N terms at a confidence level α. We calculate this value by means of a root-finding technique that solves the equation, F cos γ ( VaR N (α)) = α, followed by VaR N (α) := VaR N (α) + Θ∆t. 4.1.2. VaR Computation from the CDF. We here assume that we have recovered the cumulative distribution function F ∆V γ from its characteristic function Φ ∆V γ , by means of the WA [a,b] m method, with m the scale of approximation. Let F wa γ be the recovered CDF (for simplicity, we use the same notation as in the previous section), i.e.,
We can apply a bisection method so that VaR m (α) can be calculated in at most m iterations (see [Mas11] for details), yielding, We define ES N (α) as the Expected Shortfall calculated by the COS method with N terms, as 
where F ∆V is the CDF associated to ∆V .
is the CDF calculated in Section 4.1.2 and approximate F ∆V by F wa γ ,
Suitability of the Delta-Gamma Approximation.
We study the suitability of the delta-gamma approach for portfolios of options with several underlying assets. As pointed out by [Bri99] , in the one-dimensional case, when the portfolio is convex or concave over the likely range of prices of the underlying then the portfolio value can be accurately approximated by a quadratic function of the price of the underlying and, consequently, the delta-gamma approach performs well. For many option positions, however, the portfolio value may have convex as well as concave regions in the range of likely prices of the underlying. In this case, a quadratic approximation may not provide a satisfactory fit and the delta-gamma approximation may be less reliable. Let us consider a portfolio V (S 1 (t), . . . , S p (t)), as in Section 2, where the changes in the risk factors are normally distributed. Let D be an open convex set in R p . Following the theory of convex (concave) functions, if we assume that V is twice continuously differentiable, then V is convex (concave) if and only if Hess(V ) is positive (negative) semi-definite in D, with Hess(V ) the Hessian associated to V . On the other hand, quadratic form (3) is convex (concave) if and only if Γ is positive (negative) semi-definite. Since Hess(V ) = Γ, we can expect that the delta-gamma approach approximates accurately in those cases in which V is a convex (or concave) portfolio.
The natural questions arising are: what happens when V (and hence the quadratic form) is indefinite? Can we expect accurate VaR and ES values when using the delta-gamma approach in these cases? To answer these questions let us assume that V can be decomposed into a sum of one-dimensional subportfolios,
where each V j (S j ) is either convex or concave. Observe that if our main portfolio V contains options written on one asset only, decomposition (19) in one-dimensional subportfolios is always possible. The assumption here is regarding the convexity or concavity. Let us also assume that the changes in the risk factors are uncorrelated. We can then decompose the p-dimensional delta-gamma approach (3) as,
. All partial derivatives are evaluated at S(t).
Since ∆S = (∆S 1 , . . . , ∆S p ) ∼ N (0, Σ) and ∆S j , j = 1, . . . , p are uncorrelated, then ∆S j , j = 1, . . . , p, are independent. As a consequence, ∆V j γ , j = 1, . . . , p, are independent, and f ∆Vγ = f ∆V 1 γ * · · · * f ∆V p γ .
We assume that all subportfolios are either convex or concave and then f ∆V j can be accurately approximated by f j ∆Vγ , for all j = 1, . . . , p. So,
where the last equality holds because S j , j = 1, . . . , p are independent. We illustrate this fact in the numerical examples section. Finally, we can conclude that if the one-dimensional subportfolios are convex/concave and the changes in the risk factors are uncorrelated, then the risk measures associated to the main portfolio can be appropriately computed by means of a p-dimensional delta-gamma approach.
Monotonic Features of the Delta-Gamma Density.
It is in general a difficult task to check whether a density function is unimodal or not directly from its characteristic function. However, within the delta-gamma approach, the characteristic function f ∆V γ of density f ∆V γ can be seen as the product of the characteristic functions of certain known densities. So, at least in the one-dimensional case, we can extract useful information from characteristic function f ∆V γ , which allows us to know in advance whether density f ∆V γ is unimodal or not, thus facilitating the application of the numerical algorithms from Section 3.
Let us start by considering the linear decomposition (see [Siv08] for details), f ∆V γ = f Q 0 * f λ 1 2 Q 1 * · · · * fλ p 2 Qp , where f Q 0 , fλ j 2 Q j , j ∈ J, are the probability density functions of the random variables Q 0 , λ j 2 Q j , j ∈ J, respectively. Following [Yu11] , for all j ∈ J, a unique value ζ ∈ (3, +∞) exists, so that f Q j is decreasing if and only if ζ j ≤ ζ, i.e., f Q j has a unique mode at zero. Furthermore, f Q j is bimodal if and only if ζ j > ζ, that is, f Q j has a mode at zero and another mode in (0, +∞).
Remark 3. The way to compute ζ is explained in [Yu11] in the general case that a random variable is non-central chi-squared distributed with ν degrees of freedom and non-centrality parameter ξ. In this case, the expression for its density is given by,
where I ν (x) is the modified Bessel function of the first kind given by,
Here G denotes the gamma function. Defining r ν (x) = Iν (x) I ν−1 (x) and, So, we know that ζ = 4.217. From now on, we consider the case p = 1. Then, we can state the following theorem and corollary for the one-dimensional case, Theorem 1. With the same notation as before, let fλ 1 2 Q 1 be the density function of random variable λ 1 2 Q 1 . Then, a) If λ 1 > 0 and ζ 1 ≤ ζ, then fλ 1 2 Q 1 is decreasing in (0, +∞), and has only one mode at zero. b) If λ 1 > 0 and ζ 1 > ζ, then fλ 1 2 Q 1 is bimodal and has one mode at zero and another at (0, +∞). c) If λ 1 < 0 and ζ 1 ≤ ζ, then fλ 1 2 Q 1 is increasing in (−∞, 0), and has only one mode at zero. d) If λ 1 < 0 and ζ 1 > ζ, then fλ 1 2 Q 1 is bimodal and has one mode at zero and another at (−∞, 0).
Proof. Observe that,
We can derive for the probability density function,
Since f Q 1 : (0, +∞) → R, then fλ 1 2 Q 1 : (0, +∞) → R, if λ 1 > 0 and f λ 1 2 Q 1 : (−∞, 0) → R, if λ 1 < 0. If ζ 1 ≤ ζ then f Q 1 is decreasing with only one mode at zero. Then, if 0 < x 1 < x 2 and,
This completes the proof of a) and c). If ζ 1 > ζ then f Q 1 is bimodal. We consider the modes of f Q 1 located at zero and m 1 , where m 1 > 0. The density f Q 1 is decreasing in the intervals (0, m * ) and (m 1 , +∞) and increasing in (m * , m 1 ), where m * ∈ R, 0 < m * < m 1 . The proof of b) and d) is now straightforward by applying a similar procedure as in a) and c) for the intervals defined before.
Corollary 1. With the same notation as before, let f ∆V γ be the density function of random variable ∆V γ . Then, a) If λ 1 > 0 and ζ 1 ≤ ζ, then f ∆V γ is decreasing in (µ Q 0 , +∞), and has only one mode at µ Q 0 < 0. b) If λ 1 > 0 and ζ 1 > ζ, then f ∆V γ is bimodal and has one mode at µ Q 0 < 0 and another at (µ Q 0 , +∞). c) If λ 1 < 0 and ζ 1 ≤ ζ, then f ∆V γ is increasing in (−∞, µ Q 0 ), and has only one mode at µ Q 0 > 0. f) If λ 1 < 0 and ζ 1 > ζ, then f ∆V γ is bimodal and has one mode at µ Q 0 > 0 and another at (−∞, µ Q 0 ).
Proof. For p = 1, f ∆V γ = f Q 0 * f λ 1 2 Q 1 , where the density of random variable Q 0 is a Dirac delta function, since µ Q 0 = − 1 2 d 2 1 λ 1 and σ Q 0 = 0. Then,
. We observe that the convolution product is a translation of the density function f λ 1 2 Q 1 , and by Theorem 1 we complete the proof.
We illustrate the four cases of Corollary 1 in Figure 1 , where µ Q 0 = −2 in the cases a) and b) and µ Q 0 = 2 in c) and d). A consequence of Corollary 1 is that within the delta-gamma framework, the VaR and ES values are bounded below or above depending on the aggregate gamma Greeks, that is,
, where Γ 1,1 is defined in Section 2 and S 1 is the only underlying asset in the one-dimensional case. When Γ 1,1 is positive, we know a priori that the maximum likely loss in our portfolio is µ Q 0 + Θ∆t (recall that ∆V = V (t + ∆t) − V (t) and then negative values mean losses and positive values mean profits). Furthermore, when Γ 1,1 is negative, then the maximum likely profit is µ Q 0 + Θ∆t. We state these facts in the following corollary, Corollary 2. Let Γ 1,1 be as in Section 2 and let V aR(α), ES(α) be the risk measures associated to the delta-gamma approach (3), α ∈ (0, 1). Then, a) If Γ 1,1 > 0, then ES(α) > V aR(α) > µ Q 0 + Θ∆t, for all α ∈ (0, 1); b) If Γ 1,1 < 0, then V aR(α) < ES(α) < µ Q 0 + Θ∆t, for all α ∈ (0, 1).
Proof. The proof follows directly from Corollary 1, since λ 1 is the only eigenvalue of ΣΓ in the delta-gamma approach (3).
Numerical Examples
In this section we carry out tests to assess the performance of the methods presented previously. We mainly focus on the COS and WA [a,b] approximations for the numerical experiments and we show the performance of the filtered-COS and WA R in some difficult cases.
Here we consider two portfolios of options written on the same underlying asset S(t) as in [Bri99] , Portfolio 1. The portfolio is composed of one short European call and half a short European put with maturity 60 days and time horizon 1 day.
Portfolio 2. The portfolio is composed of one short European call and half a short European put with maturity 60 days and time horizon 10 days.
For both portfolios we assume the underlying asset at time t is 100 with volatility level σ = 0.3, interest rate 0.1 and the strike price 101 for each option. We assume a zero dividend yield.
We restrict ourselves to the univariate case, that is, we have only one risk factor (p = 1), since the methods presented apply in the same form to the multivariate case (only the characteristic function changes). Hence, we consider here,
where σ is the volatility associated to risk factor S(t).
For the interval of integration [a, b] within the COS and WA [a,b] methods, we use the general rule-of-thumb (6). Following [Min99] we then have, (21) κ 1 = 1 2 tr(ΓΣ), κ 2 = 1 2 tr (ΓΣ) 2 + δ T Σδ.
We could benefit from the information provided by Corollary 1 here, since in the two first portfolios p = 1. However, we choose to use the general interval which can be applied also when p > 1. We will apply Corollary 1 specifically in combination with the WA R method.
Remark 4. Regarding the WA R method, the strategy to recover a density is clearer with the shapes in Figure 1 . In cases a) and b) we can start the algorithm by considering k 1 = 2 m · µ Q 0 . For c) and d) we can follow the general procedure explained in Section 3.1.2. For these two last cases, we can stop the algorithm either following the general criteria (the area under the function is approximately one) or when k 2 = 2 m · µ Q 0 . Also for the other numerical methods the choice on integration interval facilitates when the assumptions of the theorem and corollary apply.
We use a bisection method to compute the VaR value by the COS method from the CDF F cos γ with stopping condition,
where cos is a pre-defined tolerance error. Regarding the WA [a,b] method, we consider r = 0.9995 in (10) and 2 m subintervals when applying the Trapezoidal Rule, where m is the scale of approximation (for a detailed description of the choice of the parameters r and m, we refer the reader to [Ort12] ). The number of trading days is fixed to 365. For comparison, we use so-called partial Monte Carlo (PMC) simulations (i.e. MC simulation within the delta-gamma approach) and full Monte Carlo (FMC), to evaluate the whole portfolio, both methods with 10 5 scenarios 4 . Figure 2 shows the density for Portfolio 1 recovered by the WA [a,b] method at scale m = 10 as well as the COS method with N = 1024 terms. Figure 3 presents the density for Portfolio 2 (left) and a zoom over the vicinity of the non-smooth part (right side). In the right side plot, we have also used a filtered-COS method with exponential filters of orders p f = 8, 10. As we can observe, using the filtered-COS the oscillations are dampened away from the point of irregularity. Moreover, for p f ≤ 6, the approximation gets too smooth near the conflicting point. We have computed the VaR and the ES values getting more accurate values when using p f = 10. A possible explanation is that we loose a significant part of the density in the peaked zone when using low order filters. Anyway, filtered-COS with p f = 10 has a similar behavior as COS without filters when computing the risk measures, concluding that in this case, the oscillations away from the singular point have very little impact on the final results. Table 1 presents the relative errors when computing the VaR and ES values for Portfolio 1 by means of the COS method with the number of terms (i.e. scale of approximation) ranging from 32 (scale 5) to 256 (scale 8), and using several tolerances for the error when applying the bisection method. We observe significant improvement in the accuracy when decreasing the tolerance error, as expected. We finally choose cos = 10 −4 , since a smaller epsilon leads to an increase in CPU time. 64 5.53e-3 6.12e-2 5.80e-4 5.80e-3 1.16e-4 6.96e-4 5.80e-5 5.94e-5 128 5.53e-3 6.15e-2 5.80e-4 5.94e-3 3.87e-5 8.72e-4 3.87e-5 2.27e-5 256 5.53e-3 6.14e-2 5.80e-4 5.93e-3 3.87e-5 8.67e-4 3.87e-5 1.90e-5 [a,b] and COS methods with the number of terms ranging from 32 to 256. In the case of the wavelets-based method, we recover the coefficients from the PDF (WA PDF) and directly from the CDF (WA CDF). Regarding the COS method we consider cos = 10 −4 . We also provide the CPU time. As we can observe from the table, although both methods are accurate, the WA (CDF) version is extremely fast for computing the VaR value. Despite this, COS is faster in the case that we wish to compute both risk measures. The reason is that the calculation of one coefficient for the WA (CDF) methods is more CPU-time involved than the computation of one coefficient for the COS method, and we need many of them when calculating the ES with the WA (CDF) variant.
We show in Table 3 the VaR and ES values for Portfolio 2 evaluated at different percentiles. In this case, we have focused on the WA (CDF) variant and we have simply called it WA. The results show very accurate values at low and high loss levels. We also can observe an overestimation of the risk measured with the VaR and Expected Shortfall within the delta-gamma approach.
The WA R method can be used in an accurate way to recover the densities associated to Portfolio 1 and Portfolio 2, as shown in Figure 4 . For this purpose we have considered tol = 10 −4 . The algorithm will be stopped when the mass of the computed density reaches 1 − tol . Table 4 shows the truncation values k 1 and k 2 . Remark 5. Regarding Portfolio 1, we compute λ 1 = −0.1205 < 0, ζ 1 = 17.1836 > ζ, µ Q 0 = 1.0355 as explained in Section 4.4. Although we observe only one peak, following Corollary 1, the density function is bimodal, with one mode in (−∞, 1.0355) and another at µ Q 0 = 1.0355. The second mode is so small that in practice it is not observed and can be neglected in this case. It is worth mentioning that we should add µ Q 0 + Θ∆t = 1.1025 to be in the domain of f ∆Vγ (as we did in Figure 4 ) instead of f ∆V γ . If we follow the general criteria (related to the mass of the density) the algorithm stops at x = 1.08 and the density evaluated at this point is 9.24 · 10 −3 , in perfect agreement with the theory. The second portfolio is a somewhat more interesting case. On the one hand, the peak is sharper than the one observed in Figure 3 . This fact can be interpreted as a more accurate recovery of the density. On the other hand, the algorithm stops at x = 1.7046 where the value of the density is 2.19. We have calculated the maximum loss value for the density by means of PMC simulation, obtaining the value 1.7050. Again, all these facts are in accordance with the theory developed in Section 4.4, since λ 1 = −1.2052 < 0, ζ 1 = 1.7184 < ζ, µ Q 0 = 1.0355 and µ Q 0 + Θ∆t = 1.7050, and then the density is increasing in (−∞, 1.7050), once we have added Θ∆t. Let us now consider the following portfolio composed of options written in two different, uncorrelated underlying assets, Portfolio 3. The portfolio is composed of 10.25 short European calls written on the underlying asset S 1 and 5.5 long European calls written on the underlying asset S 2 with maturity 60 days and time horizon 10 days.
We assume that the underlying assets at time t are S 1 = 90, S 2 = 130 both with volatility 0.2, interest rate 0.1 and strike prices K 1 = 90 for the options written on S 1 and K 2 = 125 for the options written on S 2 . We assume a zero dividend yield.
We observe that the portfolio V (S 1 (t), S 2 (t)) = V 1 (S 1 ) + V 2 (S 2 ) is neither convex nor concave, since the Hessian, > 0 for all (S 1 , S 2 ). However, we observe that V 1 is concave in S 1 and V 2 is convex in S 2 and the delta-gamma approximation is accurate in this case. We plot in Figure 5 the portfolio value and the delta-gamma approximation and we report in Table 5 the VaR and the ES values at 0.9 confidence level. As we observe, the delta-gamma approximation is very accurate in a neighborhood of the initial value (S 1 , S 2 ) = (90, 130). 
Method VaR ES
FMC 32.9846 45.3541 PMC 32.4927 44.8006 Table 5 . VaR and ES values for Portfolio 3 at confidence level α = 0.9.
Conclusions
We have investigated in this work the efficiency of the WA [a,b] , COS, WA R and filtered-COS methods within the delta-gamma framework, to compute the Value-at-Risk and the Expected Shortfall measures in a non-linear portfolio composed of options. Regarding the wavelet approaches, we have recovered the risk measures from the probability density function and from the cumulative distribution function. Both procedures give us very accurate results, however, in the second case, the algorithm is faster since fewer coefficients are needed to perform the Fourier inversion. Regarding the COS method, we recover the probability density function and then integrate (analytically) to determine the cumulative distribution function, after which we employ a root-finding method to calculate the risk measures. The filtered-COS method with exponential filter gives us the same accuracy as the COS method, concluding that, in this case, the oscillations away from the singular point have very little impact on the final results. The WA R method recovers in an adaptive way the density without fixing an interval for the inversion beforehand, although the method is somewhat more CPU time consuming.
We also have stated a useful theorem and two corollaries about the shape of the deltagamma density and the maximum profit and loss for the one-dimensional case. The numerical experiments carried out with the WA R method are in accordance with the theory developed in Section 4.4.
We have seen that if a p-dimensional portfolio is neither convex nor concave, but can be decomposed in several convex (or concave) subportfolios made of options written on one underlying asset, then the delta gamma approach is highly accurate. The problem for the p-dimensional case is more involved and it is subject of future research. 
